In this paper, we establish Buser type inequalities, i.e., upper bounds for eigenvalues in terms of Cheeger constants. We prove the Buser's inequality for an infinite but locally finite connected graph with Ricci curvature lower bounds. Furthermore, we derive that the graph with positive curvature is finite, especially for unbounded Laplacians. By proving Poincaré inequality, we obtain a lower bound on Cheeger constant in terms of positive curvature.
Introduction
In 1982, Peter Buser [1] proved an upper bound for the first nonzero eigenvalue λ 1 of the Laplace-Beltrami operator in terms of the Cheeger constant h. Let M be an n-dimensional compact Riemannian manifold whose Ricci curvature is bounded from below by −(n − 1)a 2 , where a ≥ 0. Then
where c is a constant depending on the dimension. The authors of [19] extend an argument of Ledoux [27] to establish analogous Buser type estimates on finite graphs satisfying the classical curvature dimension inequality CD(∞, 0). This result was extended to bound the higher eigenvalues of the Laplacian, see [14] . By proving a discrete version of Li-Yau inequality, F.Bauer et.al. [4] also obtained Buser's inequality on a finite graph under exponential curvature dimension conditions CDE(n, 0).
For infinite graphs, lots of researches have been focused on Cheeger type inequality, which states a lower bound for the bottom of the ℓ 2 -spectrum of the graph Laplacian in terms of Cheeger constant on the whole graph, e.g. see [5, 17] . However, no attempt has been made here to develop Buser's inequality on infinite graphs. In this paper, we study all weighted graphs, including bounded and unbounded Laplacians, and obtain Buser's inequality on infinite graphs under the assumption of curvature-dimension inequality.
For positively curved graphs, P. Horn et.al. [4] proved Bonnet-Myers type theorem, which states that the diameter of graphs in terms of the canonical distance is finite. By a more direct proof, the authors of [15] obtained that the diameter is finite, for operators including bounded and undounded laplacians. It is obvious that the graph equipped with bounded Laplacians is finite. However, it is insufficient to prove the finiteness when the Laplacian is unbounded. In this paper, we are led to the strengthening of the results in [15] under the same hypotheses. As a consequence, we derive Poincaré inequality, and then a lower bound for Cheeger constant.
The paper is organized as follows: We introduce our notations and formally state our main results in Section 2. In Section 3, we prove the equivalence of the semigroup properties and the curvature-dimension inequality. As a consequence, we derive Pseudo-Poincaré inequality, and then, combining with the upper bound of the heat kernel in [3] , then derive Buser's inequality on infinite graphs. Next, we obtain that positively curved graphs are finite, and give a lower bound on Cheeger constant in terms of curvature.
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Notation and main results
The basic setting is as follows. Let G = (V, E, m, ω) be an connected weighted graph, we denote by V the set of vertices and by E the set of edges, which is a symmetric subsets of V × V . Two vertices are called neighbours if they are connected by an edge (x, y) ∈ E, which is denoted by x ∼ y. Let m : V → R + be the vertex measure and ω : V × V → R ≥0 be the edge weights, so that ω xy > 0 if x and y are neighbours, otherwise ω xy equals to 0. We require that the edge weights be symmetric, namely, ω xy = ω yx . We restrict our interest in locally finiteness, i.e. the number of neighbours of any vertex is finite.
Let V R be the set of functions f : V → R, and C 0 (V ) be the set of finitely supported functions on V . We denote by ℓ 
where D(Q) is defined as the completion of C 0 (V ) under the Q-norm · Q given by
see [18] . For locally finite graphs, the associated generator ∆, called Laplacian, is defined by
where
The Laplacian ∆ generates a semigroup P t := e t∆ acting on ℓ p m for p ∈ [1, ∞]. Obviously, the measure m plays an important role in the definition of the Laplacian. Given the weight ω on E, there are two typical choices of Laplacian:
• m(x) = deg(x) := y∼x ω xy for all x ∈ V , which is called the normalized Laplacian;
• m(x) ≡ 1 for all x ∈ V , which is the combinatorial Laplacian.
In order to introduce curvature dimension inequality on graphs, we recall the gradient form Γ :
For any x ∈ V , and functions
The iterated gradient form Γ 2 is defined by iterating Γ as
For simplification, we write
In this paper, we say that a weighted graph G satisfies the assumption (A) if one of the following holds:
where 1 is the constant function on V , and the limit is pointwise. Moreover, m should be non-degenerate, i.e. inf x∈V m(x) = δ > 0.
Note that the normalized Laplacian is bounded, while the combinatorial graph Laplacian may not be bounded. In this paper, we consider both bounded and unbounded Laplacians in general on infinite graphs. In order to deal with unbounded Laplacians, it is often useful to introduce the following intrinsics metrics, see [6] .
Definition 2.2 (Intrinsic metric). A pseudo metric
is a symmetric function with zero diagonal satisfying the triangle inequality. A pseudo metric ρ is called intrinsic if
The jump size s of a pseudo metric ρ is given by
It is easy to check that the combinatorial distance d is an intrinsic metric for the normalized Laplacian. For a weighted graph, one can always construct an intrinsic metric on it, see e.g. [10] .
Next, we introduce Cheeger constant and the bottom of the ℓ 2 -spectrum of the graph Laplacian ∆, see [17, 20] . Given a subset Ω ⊂ V , we define the volume |Ω| = x∈Ω m(x). And we denote by ∂Ω the edge boundary set of Ω, that is
Since the graph G is connected, ∂Ω = ∅. We define the volume of the boundary ∂Ω by
Definition 2.3 (Cheeger constant for finite graphs). Cheeger constant is defined by
h = min U ⊂V |∂U| min{|U|, |V /U|} .
Definition 2.4 (Cheeger constant for infinite graphs). For any subset Ω ⊂ V , define its
Cheeger constant by
Definition 2.5 (The bottom of the ℓ 2 -spectrum of the Laplacian ). The bottom of the ℓ 2 -spectrum of the Laplacian ∆ is defined by
We further assume that
Theorem 2.1. If the infinite graph G = (V, E, µ, ω) satisfies (A) and curvature-dimension inequality CD(∞, K) with some K ∈ R, then we have
for constants C 1 , C 2 only depending on D ω . Theorem 2.2. Suppose that the weighted graph G = (V, E, µ, ω) satisfies (A) and curvaturedimension inequality CD(n, K) with some K > 0, then the measure of the graph is finite. Furthermore, for any x ∈ V and f ∈ C 0 (V ), P t f (x) converges to a constant when t → +∞. More precisely,
Remark 1. Corollary 2.2 and Theorem 2.4 in [15] show that the diameter is bounded if the graph satisfies CD(n, K) with K > 0. It is obvious that the graph is finite for bounded Laplacians. For unbounded Laplacians, we have
which means the graph is finite.
Theorem 2.3. Under the above assumptions, we have
3 The proof of the main theorem
The following integration by parts formula will be useful later, see [17] .
Lemma 3.1 (Green's formula). For any f ∈ D(Q) and g ∈ D(∆) we have
The next proposition is a consequence of standard Dirichlet form theory, see [7] and [18] .
m . Now, we introduce some useful properties of semigroup P t on graphs.
Proposition 3.2. For any t, s > 0, we have • P t and ∆ are commuting, i.e. for any f ∈ D(∆), ∆P t f = P t ∆f.
• P t satisfies the semigroup property. That is, for any f ∈ ℓ p m , (P t • P s )f = P t+s f.
• P t is self-adjoint. That is, for any f, g ∈ ℓ 2 m , P t f, g = P t g, f .
By proving the Caccioppoli inequality for subsolutions to Poissons equations, the authors derived a uniform upper bound for P t f , see [9] . Lemma 3.2. Let G = (V, E, m, ω) be a complete graph, and m be a non-degenerate measure. For any f ∈ C 0 (V ) and T > 0, we have max
The following functional formulation of DGG Lemma on graphs is the key for proving our main theorems in this paper, see Theorem 1.1 in [3] . Now we introduce some equivalent properties of CD inequality, including gradient bounds and reverse Poincaré inequality. (1) CD(n, K) for some K ∈ R.
Proof. For bounded Laplacians, the theorem has been proved in Theorem 3.1 of [LL15]. It suffices to prove the result for unbounded Laplacians under the assumption of (A 2 ). For unbounded Laplacians, the equivalence of (1) and (2) has been obtained in Theorem 1.1 of [HL17]. In term of (1) and (3), the case when the dimension is infinite was proved in Theorem 2 of [H17]. Now, we prove (1) ⇒ (3). The reverse direction is omitted here since it follows verbatim. We consider the following function on [0, t] × V ,
Since ∆ and P t are commuting, and by direct calculation, one has
To end this, we further need to prove (P t−s f ) 2 ∈ D(∆). On one hand, from Proposition 3.1, one can see that
On the other hand,
Note that ∆P t f ∈ ℓ 2 m since P t f ∈ D(∆). Besides, by Lemma 3.2, and using that ℓ
for non-degenerate measure, we have Γ(P t−s f ) ∈ ℓ 2 m . Combining these facts, we get what we desire.
By (2), we have
integration over s on [0, t] yields the result (3).
A first interesting consequence of the above functional inequalities is the following PseudoPoincaré inequality. , we have
Note that the restriction on t applies only when K is negative.
Proof. Let g = sgn(f − P t f ) + 1. From Corollary 2.9 in [18] , P t is positivity improving, i.e., P t map nonnegative nontrivial ℓ 2 m -functions to strictly positive functions, so g ∈ C 0 (V ). We first claim that for any f ∈ C 0 (V ),
In fact, let 0 ≤ χ k ∈ C 0 (V ) be a non-decreasing sequence satisfying χ k → 1 when k goes to infinity. Since P t f ∈ ℓ 1 m , then the dominated convergence theorem yields that
and also P t χ k → P t 1 pointwise. From [20] , the heat semigroup associated to bounded Laplacian is stochastically complete for all graphs, i.e., P t 1 = 1. Moreover, G is stochastically complete under the assumption (A), see [9] for unbounded Laplacians under assumption (A 2 ) and K ≥ 0. Therefore, we can compute that
where we use that P t is self-adjoint on functions in ℓ 2 m in the second step. Then
Since g ∈ C 0 (V ), we get P t g ∈ ℓ 2 m and Γ(P t g) ∈ ℓ 1 m . Moreover, from Theorem 6 in [18], we know that P t g can be approximated in Q-norm by functions with finite support. By definition, we can conclude that P t g ∈ D(Q). Therefore, from Green's formula, we obtain
Hence,
Since t 0 2e 2Ks ds = (e 2Kt − 1)/K when K = 0, and equal to 2t when K = 0, we can conclude that t 0 2e 2Ks ds ≥ t for 0 ≤ t ≤
2|K|
with any K ∈ R. Therefore, applying (3) in Proposition 3.3 and ignoring the nonnegative item (P t g) 2 ,
then yields what we desire.
Remark 2. In fact, from (3.3) and applying (3) in Proposition 3.3, by direct computations, we obtain
which will be useful later.
Proof of Theorem 2.1. For any non-empty finite subset U ⊂ V , let f be the function 1 U , which equals to 1 when x ∈ U and 0 otherwise, applying the Theorem 3.4, we get
Therefore we have
We further claim that
From (3.1), we have
Moreover, let f = g = 1 U and A = B = U in (3.3) in Lemma 3.3, note that ρ(U, U) = 0, which leads to
By simple computations, we prove the previous claim. Combining inequalities (3.5) and (3.6), we obtain
If λ ≥ 2|K|, we choose t = 1/λ to yield the result. If λ ≤ 2|K|, we select t = 1/(2|K|), then 1 − e −λt ≥ λ/(4|K|), and finally deduce the theorem.
From here, we consider the graph with positive curvature, i.e. K > 0. Another interesting consequence of the above equivalent semigroup properties in Proposition 3.3 is the fact that the measure on the graph is finite.
Proof of Theorem 2.2. As we mentioned before, we need only to consider unbounded Laplacians with assumption (A 2 ).
We first ignore the nonnegative item Γ(P t f ) in (2) of Proposition 3.3, and obtain
Taking the square root of (3.7), and using
Therefore, fix f ∈ C 0 (V ), the limit of P t f (x) exists and is finite when t → +∞. Next, we prove that this limit is not related to x. From the same semigroup property of CD(n, K), by dropping −
Kn (2) of Proposition 3.3, we have Γ(P t f ) ≤ e −2Kt P t (Γ(f )), which implies Γ(P t f ) ∞ → 0 when t → +∞, and since the graph G is connected, we get |P t f (x) − P t f (y)| → 0, for any x, y ∈ V.
Then we can conclude that P t f converges to a constant when t → ∞, and it is easy to see this convergence is uniform. Let us now assume that |V | = +∞. This implies in particular that lim t→+∞ P t f = 0 because no constant except 0 is in ℓ Letting t → +∞ yields
Let us assume g ≥ 0, g ≡ 0 and take for f the sequence η k from Assumption (A 2 ). Letting k → ∞, we deduce x∈V m(x)g(x) ≤ 0, which is impossible. Therefore, |V | < +∞. Moreover, from (3.1) and letting t → +∞, (2.1) is proved.
The above result allows us to deduce the following Poincaré inequality. From it, we can estimate Cheeger constant in terms of curvature. Combining with (3.4), yields
By definition, the theorem is proved.
